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AN EXTENSION OF THE THEORY OF NUMBERS 
BY MEANS OF CORRESPONDENCES 
BETWEEN FIELDS. 


BY PROFESSOR L. E. DICKSON. 
(Read before the American Mathematical Society, September 4, 1916.) 


1. To each number a of a field or domain of rationality R 
let correspond a unique number F(a) of R. Define two 
operations © and © on the numbers F(a) by the equations 


F(a) @ F(b) = F(a+b), F(a) © F(b) = F(ab), 


holding for any two equal or distinct numbers a, b of R. 
These operations obey the commutative, associative, and 
distributive laws of ordinary addition and multiplication. 
For example, 


{F(a) ® F(b)} © = F{(a+t 
= {F(a) © F(c)} {F(b) F(o)}. 


The set of numbers F(a) combined by these two operations 
therefore form a field F(R), whose zero of addition is F(0) 
and unity of multiplication is F(1). 

2. In particular, let R be the domain of all rational numbers 
and let the coefficients of F(a) be rational. If a,b and a/b = q 
are all integers, then F(a) = F(b) © F(q) and F(a) will be 
said to be divisible by F(b). Since a = bg + r implies 


F(a) = {F(b) © Fq)} FO), 


Euclid’s process for finding the G.C.D. of two integers a, b 
leads to the G.C.D. of F(a), F(b). We call F(a) a prime 
if its only divisors are F(+ a) and F(+ 1). When the pre- 
ceding equation holds, we say that F(a) and F(r) are con- 
gruent modulo F(b). It is now a simple matter to enunciate 
the analogues, for the numbers F(a) and the operations 
® and ©, of the theorems in the theory of numbers. If p is 
a prime not dividing a, then F(a) © F(a) --- © F(a), to 
p — 1 factors, is congruent to F(1) modulo F(p). Again, 
F(1) © F(2) --- © F(p — 1) is congruent to F(— 1). These 
analogues to Fermat’s and Wilson’s theorems follow at once 
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from the latter by the principle of correspondence and need 
not be proved independently of them. A like remark is true 
of the reciprocity law and other theorems of the theory of 
numbers. 

3. The advantage of choosing a linear fractional function 
la + m 
na +t 
as our F(a) lies in the fact that the correspondence between 
the fields R and F(R) is now (1, 1), so that the numbers of R 
form a field also when combined by the new operations © 
and ©. We have 


(mn? — 2nil)aB + Pt(a + B) — mP 
— ntaB + mn?(a + B) + Pt — 2mnl’ 


(mn? + If)aB — ml(n + t)(a+ B) + ml(m + 
nt(n + t)haB — nt(m + Il)(a+ B) + + Pt 


In particular, if n = 0, ¢ = 1, then F(a) = la+ m, and 


(1) F(a) = (4 — mn + 0) 


(2) aep= 


(3) p= 


(4) 1 
a B=7(a—m)(8 — m) +m. 


The special case of the latter in which / and m are certain 
expressions in a single parameter was treated by L. Schrutka,* 
who resorted to computations to prove the associative and 
distributive laws in this special case and devoted many pages 
to the proofs of the analogues of theorems in the theory of 
numbers, without making clear that the results follow at once 
by correspondence. 
4. The operation defined by 


aaB + b(a+ B) +e 

daB + 8) +f 

obeys the associative law if and only if 

(6) be=cd, P+ce=act+ bf, e+ bd = ae+ df. 


First, let a, ---, f be integers and let b = b,d,, c = bic;, where 
d, and c are relatively prime integers. Then e = e;¢1, 


(5) aop= 


*“Theorie der Polygonalreste,”’ Monatshefte fiir Mathematik und 
Physik, vol. 16 (1905), pp. 167-192. 
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d = e,d;, where e; is an integer. The remaining conditions 
(6) now hold if and only if a — eC, = qd, f aed bid; =— qe, 
where q is an integer. Next, when a, ---, f are any numbers 
(not necessarily integers) of the field R, the conditions (6) are 
equivalent to 


b= c= dye, e=ec1, d= 
a= eye, + f = bid, — 


where 6;, ¢:, di, é1, g are numbers of R. We now have the 
most general operation (5) under which the numbers of R 
form a group. 

5. We are led to a fraction of the form (5) in which a and B 
enter linearly if we demand that.the inverse operation shall 
be applicable to every pair of numbers of the field. Suppose 
that also a @ £ is a similar symmetric function of a and £. 
If these two operations obey the associative and distributive 
laws, it seems probable that they must be of type (2) and (3), 
defined by the linear fractional correspondence (1). This is 
easily proved for integral functions: 


a® B= C, 
a © B= 


Of the conditions for (a 6 B) © y = (a © y) @ (8 © ¥), those 
which involve 7? show that Aa = Ab = 0, whence A = 0, and 
the remaining conditions are 


aC+b=2Bbh, bC+c= 2Be+C. 


By the associative law for ©, B® = B, whence B= 1. Thus 
b = aC, c = aC? — C, and we get (4) with m = — C,1 = la. 


NOTE ON THE DISTRIBUTION OF QUADRATIC 
RESIDUES. 


BY MR. H. S. VANDIVER. 
(Read before the American Mathematical Society, October 30, 1915.) 


THE present note relates mainly to the distribution of 
quadratic residues for a rational prime modulus. A special 
quadratic form is also considered. 


= 
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1. Let-the prime be p = 4n + 1 and assume that k is the 
number of distinct positive quadratic residues which are less 
than Vp. If z is an integer such that 


(1) zi?-) = — 1 (mod p), 
then by a known theorem‘* it is possible to write 


(mod Pp), 


where 0 < m < Vp and 0<n< vp. Thereare}(p— 1) dis- 
tinct positive non-quadratic residues of p which are less than 
p, and from (1) we have 


Let there be / distinct positive quadratic non-residues less 
than Vp. If m/n is a quadratic non-residue of p, then — m/n 
and -+ n/m are also non-residues, and we therefore have 


(2) kl = 3(p — 1). 


We also have k+1= [ vp], where [ vp] denotes the largest 
integer in Vp. We get, after using (2), 


Lor @=D 
= 2 


which gives 
TueorEM I. If pis a prime of the form 4n + 1, then in the 
set 1, 2, ---, [ vp] there are at least 


[ — 1) | 


distinct quadratic residues and at least the same number of non- 
residues. 


2. In connection with the distribution of quadratic residues 
the writer has proved the following: 


* This Buttetin, 1915, p. 61. 


= 
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THEoreM II. Let p be a prime of the form 4n+ 3 and 
let pR be the sum of the quadratic residues of p. Consider the 
w= 3(p — 1) integers h < p defined by 
(3) h + [ah] < p, 
where [ah] is the least positive residue of ah modulo p and a is a 
fixed integer less than p—1. Then the number of quadratic 
residues in such a set is equal to 


where S = 0 or according as (a/p) = and T=0 or 
according as (a+ 1)/p= +1. 

The proof of this result will be given in another paper- 
The theorem evidently shows that if the number of incon- 
gruent positive quadratic residues less than $p is known then 
it is possible to write down immediately the number of quad- 
ratic residues in any set (3). 

3. By a theorem already cited it is possible to express all 
the p— 1 incongruent residues of p, which are prime to p, 
by means of the set 

m 
(4) +7, 
modulo p, where m and n each range over all the distinct 
positive quadratic residues of p which are < Vp. We pro- 
ceed to find another expression for the number of incongruent 
fractions (4). Reduce each fraction to its lowest terms and 
let the number of distinct fractions be K, say. If any two 
are congruent modulo p we must have 


m m’ 


and, since each m and n is < Vp, we obtain 
(5) mn’ + m’n = p. 


Corresponding to such a representation of p, we derive the 
following relations: 


(6) 


t 

mod 

(mod p), 
| 
| 
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modulo p. In counting the number of incongruent fractions 
in the set (4) we must therefore consider the number of 
representations (5). We shall regard two representations 


mn’ + m'n = p, myn’ + m'n = p 


as the same if and only if m= m, n’ = ny’, m’ = my’, 
=m. If N is the number of representations of this type, 
then the relations (6) show that 
N = K— (p— 1). 
Now K by definition is equal to twice the number of dis- 
tinct positive irreducible fractions whose numerators and 
denominators are each not greater than Vp. Hence* 


K = 4(y(2) + + --- + ¥p))) + 2, 
where g(k) denotes the number of integers < k and prime 
to it. We therefore have 
THeEorEM III. [If p is a prime, then the number of repre- 
sentations of p in the form 
ry + zy’, 


where x, y, x’, y’ are all positive integers < Vp, is equal to 


(Vp) 
—(+p)+42 


PROOF OF A GENERAL THEOREM ON THE 
LINEAR DEPENDENCE OF p ANALYTIC 
FUNCTIONS OF A SINGLE VARIABLE. 


BY MR. HAROLD MARSTON MORSE. 
(Read before the American Mathematical Society, September 5, 1916.) 
A proor of the following theorem has to my knowledge 
not been published to date. The theorem contains as a 


special case the ordinary theorem concerning the wronskian. 
Its usefulness in a general treatment of single-valued func- 


* Lucas, Théorie des Nombres, p. 393. 
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tions on a Riemann surface by means of abelian integrals 
of the second kind was pointed out by Professor Osgood in a 
lecture course just completed at Harvard. 

Let there be given p functions, f;(t), fo(t), ---,fp(f), analytic 
in a region S of the ¢-plane. Consider the p-square functional 
determinant, the ith row of which (i = 1, 2, ---, p) is 


(t:), (), Filts), f(b), f&), Sith), 
f&(t,), tee, fit). 


We denote this determinant by D[t,, t:, ---, t,]. We shall 

have occasion to indicate determinants of the type of D by 

arr the ith row, without the subscript 2, in two vertical 
ars. 

THEOREM. A necessary and sufficient condition for the 
linear dependence of fi, fe, ---, fp 18 that D vanish identically 
an all of its arguments. 

Consider a determinant D[t, ti, t2, ---, t,], obtained from 
D by replacing the first column of D by a column f,(), fold), 
-++, fp(é), where ¢ is a variable independent of #1, t2, ---, t,. 
We will first show that D = 0 in all of its arguments, if the 
same is true for D. If; = 0, we have immediately that 


Dit, hh, te, t,] Dit, te, = 0. 


If \; > 0, we will prove that D = 0 by showing that at 
any point ¢;, t, ---, 4, and fort = t 


(1) = lf), f*(), 
ft.) |= 0 (n= 1, 2, 3, see), 


where the last p — 1 columns of the determinant of (1) are 
the same as the corresponding columns of D. Equation (1) 
holds for n= 1, since for n= 1 the determinant of (1) 
either has two columns identical, or else is the determinant D. 
We proceed to prove by mathematical induction that (1) 
holds for all values of n. We therefore assume that (1) holds 
for n = m, that is, that 


(2) \f™ (4), (41), f* ), f'tt,), ft.) | =0 


in t, tf, ---, t,. Upon differentiating (2) with respect to t, 
we have 


| 
} 
} 
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f°), f'tt.), fit.) | 
+ (41), f*@), ft.) | = 0 


where the last p — 1 columns of the first determinant of (3) 
are the same as those of (1), and the last p — 2 columns of 
the second determinant of (3) are the same as those of (1). 

To prove the second determinant of (3) equal to zero, con- 
sider a matrix made up of the columns of D together with 
the first column of the determinant of (2). We assume for 
the present that some cofactor A of the elements of the first 
column of D does not vanish identically. We observe that 
in the matrix above there are only two p-rowed determinants 
having + A as a first minor, namely (2) and D. Whence* 
any p-rowed determinant of the given matrix vanishes. The 
latter determinant of (3) is such a determinant. Whence the 
first determinant of (3) vanishes identically. The induction 
is complete, and we have that 


Dit, th, te, t,.] = 0. 


If D be developed with respect to the elements of its first 
column, and for a set of values of t, tz, ---, t,, for which the 


above mentioned cofactor A + 0, we have 
+ + + = 0 


in ¢, where the A’s are constants with respect to t, and not all 
zero. The proof of the theorem is complete under the assump- 


tion that some cofactor A + 0. 

In the contrary case, we take in place of D, and from the 
upper right-hand corner of D, the largest determinant for 
which not all of the cofactors of the elements of its first 
column vanish identically. There will be such a determinant 
unless all the f’s vanish identically, in which latter case the f’s 
are obviously linearly dependent. Further such a determinant 
will be of the same gereral form as D. It will be identically 
zero in all of its arguments; for if not, it could not be the 
largest determinant for which not all of the cofactors of 


(3) 


*If in a given matrix a certain r-rowed determinant is not zero, and 
all the (r + 1)-rowed determinants of which this r-rowed determinant is a 
minor are zero, then all the (r + 1)-rowed determinants of the matrix 

are zero. Cf. Bécher, Introduction to Higher Algebra, p. 54. 


= 
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the elements of its first column vanish identically. The 
proof applied to D is therefore applicable to this determinant 
and the theorem is proved in general. 


Harvarp UNIVERSITY, 
June 1, 1916. 


NOTE ON THE LINEAR DEPENDENCE OF 
ANALYTIC FUNCTIONS. 


BY DR. G. A. PFEIFFER. 


(Read before the American Mathematical Society, September 5, 1916.) 


Tue theorem proved in the preceding note, that a necessary 
and sufficient condition that p analytic functions, f;(é), fo(é), 
+, be linearly dependent is that the determinant whose 
ith row is 


vanish identically in t;, t2, ---, tp, can be readily proved if we 
assume the fundamental theorem that the identical vanishing 
of the wronskian of p analytic functions implies their linear 
dependence. 

By rearranging the columns of the determinant of the 
theorem we obtain the determinant A whose ith row is 


feltr), fit), FO), filte), 
Without losing any generality we shall assume that 
Now the derivative of order nq of the g-rowed determinant 
whose ith row (7 = 1, 2, ---, q) is 
FO, F/O, 


is equal to a positive integer times the g-rowed determinant 
whose ith row is 


= 
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LO, tee, 


plus a sum of g-rowed determinants each of which has at 
least one column consisting of the derivatives of fi(t), fe(t), 
-+, fe(é) of an order less than n. 
Using this fact we find upon differentiating the determinant 
A (A. + + 1) times with respect to and putting = t; 
that the result is equal to a positive integer multiplied by the 
p-rowed determinant whose 7th row is 


fits), fo), fit,), fi°¢,). 


The other determinants which result from the differentiation 
drop out when #, is put equal to ¢,,since each of them then 
has at least two columns identical. Repeating this process 
for the other variables in turn, we finally have the p-rowed 
determinant whose ith row is 


fit), fib), PD) 


(or the wronskian of the p given functions) vanishing identi- 
cally if the determinant of the theorem does. The necessity 
of the condition of the theorem follows immediately as in the 
proof concerning the wronskian. 


Harvarp UNIVERSITY, 
July, 1916. 


ON THE LINEAR DEPENDENCE OF FUNCTIONS 
OF ONE VARIABLE. 


BY DR. G. M. GREEN. 


(Read before the American Mathematical Society, September 5, 1916.) 


As is well known, the identical vanishing of the wronskian 
of p functions of a single variable is a sufficient condition for 
their linear dependence if the functions are analytic; if, how- 
ever, they are not analytic the vanishing of the wronskian 
is not sufficient. The same situation arises in connection 
with the theorem proved by Mr. Morse and by Dr. Pfeiffer 
in the present number of the Buttetin. The former makes 
explicit use of the analytic character of the functions involved, 
whereas the theorem proved by the latter may be neatly 
stated only for analytic functions, if it is to afford a criterion 
for linear dependence. 


| 
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The purpose of the present note is to establish a sufficient 
condition under which the vanishing of the determinant of 
Morse and Pfeiffer implies linear dependence, in the case of 
non-analytic functions—real or complex—of a real variable. 
The proof is like Frobenius’s modification for the wronskian 
theorem, as given by Bécher.* The theorem for analytic 
functions of a real or complex variable follows immediately 
from the general one. 

The following seems to be the most convenient form in 
which to state the theorem for non-analytic functions, al- 
though the hypothesis is stronger than it need be. The 
superscripts of course denote differentiation with respect to 
the arguments indicated. 

Let fi(t), fo. -+, fp(t) be p functions of the real variable t 
gan on the interval 

aSt<b, 


and possessing in I all derivatives appearing in the determinant 


where t, te, ---, t, are independent variables on the interval I. 
Suppose that 

1°. There exist a set of values of te, ts, ---, t, for which the 
(p — 1)-rowed determinant formed by deleting the first column 
and the last row of D vanishes for no value of t, in-I, and 

2°. For the said values of te, ts, ---, t, the determinant D 
vanishes for every value of t; in I. 

Then the functions f(t), fo(t), ---, fp(t) are linearly dependent 
an I, and in fact 


fo(t) = esfi) + cofel(t) + + 


We shall suppose throughout the discussion that the set 
of values of tz, ts, ---, t, mentioned in the statement of the theorem 


* “Certain cases in which the vanishing of the wronskian is a sufficient 
condition for linear “ependence,” Transactions Amer. Math. Society, vol. 2 
pp. 139-149, 1ieorem II. 

Professor Osgood noticed that Bécher’s proof could be extended to the 
theorem in | re ion; without knowing of this, the present writer sent the 
proof given below to Professor Osgood, who insisted upon its publication. 
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have been fixed once for all. It will now be convenient to 
use a new notation, writing D in the form 


uy, u,™, uy” 

eee, 
D= 

Up, +++, Up? 


each element standing forthe element in the corresponding place 
in the original determinant. Here the superscripts of course 
do not denote differentiation. 

Let D; denote the cofactor of u;™ in D. Then by part 1° 
of the hypothesis D, is zero for no value of t; in J. It is im- 
mediately evident that 


(1) uD, + De + + up D, =0 (a i, 2, P), 


for every t; in J. From these relations may be obtained as 
follows the p — 1 relations, for every t; in I: 


(2) uy + Dy! up D,=0 (i= 2, 3, p), 


where the accents on the D’s denote differentiation with 
respect to t;. Those of equations (2) for which 1 >, + 1 
follow at once from differentiation of the corresponding equa- 
tions (1), since, if i >i +1, ws, uw, ---, up are all 
constants. To obtain the first \; equations of the set (2), 
differentiate with respect to ¢; each of the first \1 + 1 of equa- 
tions (1), except the first, and subtract from the result the 
equation immediately preceding it. 

Now add equations (2), after multiplying the first of them 
by the cofactor of u,% in D,, the second by the cofactor of 
u;™ in Dp, ete., the last by the cofactor of wu: in D,. The 
result is the following equation, true for every value of ¢; in I: 


(3) Dy'D, — D,'D; = 0. 


Since D, is by hypothesis zero for no value of t; in IJ, we may 
divide through equation (3) by D,?. This gives the equation 


a (Di\ _ 
0, 


for every value of t,;. Recalling that the values of t2, #3, 


= 
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e+e, t, have been fixed, we may therefore infer that 
D, 
where ¢; is a constant. In the same way we find that 


Since the (A; + 1)th column of D consists of the elements 
filts), ---,fp(ts), we have the identity in 


Difilts) + + --- + = 0, 
which by the relations obtained above may be written 


esfilts) — — — + fp(ts)) = 0. 


Then, since for the fixed values of te, t;, ---, t, the factor D, 
is different from zero for every value of ¢; in J, the expression 
in parentheses must vanish identically in t;. This proves the 
theorem. 

An obvious weakening of the hypothesis may be made if 
any of the d’s be greater than d;. In the statement of the 
theorem, we supposed that all of the derivatives appearing 
in D exist throughout J. Of course all that need be required, 
if derivatives of order higher than \, appear in D, is that such 
derivatives exist at discrete points in J, constituted by some 
or all of the fixed values #2, t3, ---, ¢, mentioned in part 1° of 
the hypothesis. 

The statement and proof of the general theorem, though 
given above only for a real independent variable, hold also 
without any essential modification when the functions are 
analytic and the independent variable complex. From the 
theorem for this case may be proved at once the theorem 
given by Mr. Morse, viz., that if D vanishes identically when 
considered as a function of the » independent variables t,, t2, 
--+,t,, the analytic functions f;(¢), fo(t), ---, fp(t) are linearly 
dependent. For, if D, is not identically zero, there must be 
a set of values of the independent variables, say ti, ta, ---, t,, 
for which D, is different from zero. Then for the fixed values 
te, t3, ---, t,, Dp is nowhere zero in a certain neighborhood 
about the point 4, but D is identically zero in this neighbor- 
hood. Therefore by the general theorem the functions are 
linearly dependent in this neighborhood, and, being analytic, 
are linearly dependent throughout their common region of 
definition. If, however, D, is identically zero in all its argu- 


122 TRANSLATION SURFACES. [Dec., 


ments, we miay proceed afresh, since D, is of the same form 
as D, but contains only the functions fo, fz, ---, fp. Reason- 
ing as above, we find that these p — 1 functions are linearly 
dependent, and hence also the p given functions, unless the 
(p — 2)-rowed determinant in the upper right-hand corner 
of D, vanishes identically. In the latter case we must con- 
tinue in the same way, until we finally reach a determinant 
in the upper right-hand corner of D which is not identically 
zero. But there must be one such, unless f,(¢) is itself identi- 
cally zero, in which case the given p functions are linearly 
dependent. The theorem for analytic functions as stated in 
Mr. Morse’s note therefore follows. 

It may be of interest to point out that many—if not all— 
of the theorems on linear dependence in which wronskians 
or determinants and matrices constructed like wronskians 
are involved* have their analogues in corresponding the- 
orems in which appear determinants and matrices resembling 
the determinant D. 


Harvarp UNIVERSITY, 
July, 1916. 


TRANSLATION SURFACES ASSOCIATED WITH 
LINE CONGRUENCES. 


BY PROFESSOR O. E. GLENN. 


(Read before the American Mathematical Society, October 28, 1916.) 


§1. Introduction. 


In a note published in the BULLETIN in 19147 I established 
an algorism on a class of surfaces associated with line con- 
gruences in 3-space, which result by translation from invari- 
ants of plane n-lines. It is the purpose of this paper to apply 
symbolical methods to the study of some properties of these 
surfaces. 

Two non-homogeneous forms of respective orders m, n, in 
Pliicker’s line coordinates pi, po, [r = (pq)], con- 
sidered together, represent a congruence (m,n). For the sake 
of symmetry let the variables be changed to the homogeneous 
sy stem 

* Such, for instance, as are e given by Bécher, loc. cit., and by ‘Curtiss, 


Math. Annalen, vol. 65 (1908), pp. 282-298. 
vol. 20, p. 233. 
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f= pi, = De, f= & = q, & =r, 
f&=1; (& = — 
Then these forms may be written 
Sm = + +++ + = af" = = ---, 
Gn = (Biéi + --+ + Boks)” = = = ---. 
The generating line of (m, n) is 
— £13 — = 0, fete — — = 


and this generator is contained in an arbitrary plane w, = 0 
provided 
£101 + + = 0, 


(1) £31 + + = 0, 
£501 + — = 0. 


§2. The Surfaces Associated with (m, 1). 
A canonical form of (m, 1) is furnished by the pair 
Tu 0, + 1= 0, 


and if we replace ¢ by — 1 in f,, the latter becomes the non- 
homogeneous 


+ --- + asks + (as — a5))”, 


or, setting a — a; = a; and introducing, for homogeneity, a 
new £; (= 1) in place of &, f,, becomes the quinary form 


fim = (anki + + = a" = 


From (1) we obtain, after replacing the old & by — 1, and 


solving, 
(2) = Aiki + 1, ---, 5), 
where £ = 1, and 
(3) = — ws/we, = ws/ws, ps = — We/Ws, 


Ag = — wyws/wews, = (wyw, — wzw,)/wews. 


— 
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We now eliminate £, £3, & from fim by the substitutions (2), 
giving 
F(é1, &) = (ant: + = a" = a,” 

(a, = adi + + ars). 
The coefficients of F are rational expressions in the planar 
coordinates w;, ---, ws; hence any invariant J of this binary 
form translates into a homogeneous quantic ¢(w) in the w’s 
representing the surface enveloped by the plane w, = 0 when 
the latter moves so as to intersect the congruence (m, 1) in 
an m-line which maintains the property represented, pro- 
jectively, by I= 0. Since every invariant of F is a linear 
combination of products of factors of type 


(aa’) = — aeay’; I = ---, 
we must compute (aa’) in order to obtain y(w) explicitly. 
We find 


(aa’) = a,a,' — a,0,' = 
t=1 


=1 
(4) pq = — 

THeorEeM. The class (order in w,, ---, ws) of the translation 
surface o(w) = 0 equals twice the weight of the invariant I. 

In proof, it is evident from (4) that the order of ¢ in \y, 
-++,Xs, Mi, ***, Ms IS twice the weight of J; but these quantities 
A, uw, when reduced to the common denominator w2w;, have 
numerators of dimensions 2 in w,, ---, ws. Nevertheless, 
from (3), we calculate 


= — ws/ We, = — W2/Ws, 
= (wiwe — wzws)/wews, (Au) 15 = 1, 
(5) Ques = + /wews, = — wy | W2W3, 
= — wi/we, = — we /wews, 
Apu)as = ws/ws, = — 


Hence the theorem is proved. 
The explicit symbolical form of g(w) is manifest from (4) and 
(5) in a form free from adventitious factors;* in fact (aa’) is 


*If J is the discriminant of F the order of y(w) is 2m(m — 1). Non- 
symbolical methods used in my former paper suggested 4m(m — 1) for 
this order, but the present theory shows that there is always an adventitious 
factor (a product of powers of w, ---, w,) reducing it to 2m(m — 1). 
That no further reduction is possible is shown by an example in my previous 
paper. 
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proportional to 
W = + 1302? + (ac’) + yw? 
(6) + — wywe) — + wyw2) 
+ — + (cxar’) 
— 


and (aa”) differs from W only by the replacement of (aa’) 
by (aa’’). 

The degree of g(w) in the coefficients of fim equals the 
number of symbols in J. 

For illustration, if m = 2 the only invariant of F(£;, &) is 
its discriminant (aa’)?. We may write the quinary form fi: 
as follows: 


fi = 1, ---, 5; ay = aj). 
Squaring W we readily compute ¢(w), here a surface of class 4 
and degree 2, viz., 
= 3W? = (dreds, — a4?) 
+ — 44012 + — 22034) + 


§3. The Congruence (m, n). 

Assuming the linear form of the pair representing the 
congruence (m,1) in canonical form ~-+ 1 enabled us to 
derive for the result of the elimination (2) a binary form F 
whose invariants represent projective properties of the m-line 
in which w, = 0 cuts (m, 1). We now show that the corre- 
sponding elimination in the case of a plane cutting (m, n) 
gives a pair of ternary forms whose simultaneous invariants 
represent projective properties of the mn-line of intersection. 

Solution of equations (1) with & + — 1, gives 


(7) = Aske + mika + viks = 1, ---, 6), 
where 
A = — 1, A3 = 0, = 0, 


As = Ae = 0, 


w=—-wiw, m=1, 
w3/w1, Me = 0, 
w3/W1, Ve = 0, 0, 


vs = 0, 1, 
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and, employing (7) to eliminate £, £3, & from fm, gn, there 
result the respective ternary forms 


fim = + + = a” = = eee, 
Im = (8, + + B,&)” = = b,”” 


where, for example, 
= ary + + ads. 


Any invariant I of the pair of forms fim, gin is a linear combina- 
tion of products of third order determinants of the two types 


(aa‘a’’), (aa’b). 


Evaluating the typical case of the second type, we deduce, by 
a known theorem on determinants of arrays, 


la. @, a, | 


& 
k, (aa’B) sje = 


The number of terms in the summation in (8) is .C; = 20. 
Substitution from (8) ete. in 


I = --- 


gives a homogeneous form ¢g(w) of degree in the coefficients 
of fim, Jin, jointly, equal to the number of symbols occurring 
in I. 

We now prove that the class of this surface equals twice the 
number of determinant factors (aa’b), --- occurring in any 
term of I. ‘This number equals the power of the determinant 
of the collineations in the invariant relation for IJ, 7. e., the 
index. It is called the weight of I by some writers, and, with 
this terminology, we now require the proof of the precise 
theorem stated in § 2, for the present ternary case and con- 
gruence (m, n). 

Calculating the 20 determinants (Ayv);;, and writing, for 
brevity, (Auv)ijx = (2, 7, k), we have 


(1, 2, 3) = (1, 2, 4) w3/w1, 


(1, 2, 5) > ws (1, 2, 6) 0, 


= 
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(1, 3, 4) (1, 3, 5) 0, 


(1, 3, 6) = w,?/w,’, (1, 4, 5) = wsw,/w?, 
(9) (1, 4, 6) = — we/wy, (1,5, 6) = wews/w,?, 

(2, 3, 4) = ws/wi, (2, 3, 5) = — wyws/w,’, 

(2, 3, 6) = — w/w, (2, 4, 5) = 0, 

(2, 4, 6) = 1, (2, 5, 6) = — w3/w, 

(3, 4, 5) = w?2/w;?, (3, 4, 6) = 0, 

(3, 5, 6) = wew,/w?’, (4, 5,6) = — w4/w1. 


Since the non-vanishing fractions in ™, ---, ws all have 
second order numerators and a common denominator w;’, the 
theorem is proved. Substitution of these results in (8) and 
the results from (8) in I gives the explicit form of the trans- 
lation surface y(w), in a form free from extraneous factors. 

It is obvious that a complete set of invariants gives, in the 
present case of the congruence (m, n) or in the previous binary 
case of (m, 1), a fundamental system of translation surfaces. 
For the congruence (2, 2), cut by a plane in a quadrilateral, 
the complete system consists of four surfaces (aa’a’’)?, (bb’b’’)?, 
(aa’b), (abb’)*, all of degree 3 and class 4. 
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PAPPUS. INTRODUCTORY PAPER. 
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(Read before the American Mathematical Society, April 24, 1915.) 


One of the most wholesome tendencies in the study of 
mathematics today is the desire to give increased attention 
to the history and genesis of the subject. This tendency has 
led to a more careful study of the works of the old Greek 
mathematicians. Of these Pappus of Alexandria was among 
the last, and from the point of view of the historian one of 
the most important because it is in his works that we have 
the only authentic account of the lost works of a large number 
of preceding mathematicians. 
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Of the life of Pappus we know practically nothing. Even 
the date of his activity is known only within the compass of 
about a century. Suidas places him as a contemporary of 
Theon of Alexandria (379-95 a.p.), while a tenth century 
manuscript has a marginal note connecting him with the 
reign of Diocletian (284-305 a.p.).* 

As a writer, Pappus must have been quite versatile if the 
following list of works attributed to him is any indication: 

(1) Description of the World. (2) Comments on the Four 
Books of the Almagest.f (3) Interpretation of Dreams. 
(4) On the Rivers of Libya. (5) Commentary on the 
Analemma of Diodorus.~ (6) Comments on Euclid’s Ele- 
ments. (7) Comments on Ptolemy’s Harmonica. (8) Col- 
lection. 

Of all these the only one extant even in part is the Collec- 
tion, which is a summary in eight books of the principal works 
of preceding Greek mathematicians with comments and 
lemmas on the works in question. A brief outline of the 
contents of the Collection is as follows: 

Books I and II probably contained an account of the arith- 
metic of the Greeks. However, all of Book I and part of 
Book II have been lost. The portion of Book II that remains 
discusses the methods of multiplication used by Apollonius of 
Perga. 

Book III takes up the geometric side of mathematics. It 
consists of four parts.§ 

1. Discussion of the problem of inserting two mean pro- 
portionals between two given lines, to which form Hippocrates 
had reduced the duplication problem. 

2. Development of the ten means in use among the Greeks. || 


*In this connection see article on Pappus by Sir Thomas L. Heath, 
Encyclopedia Britannica, 11th ed. 

t This title is given by Suidas, but he is in error on this point, because 
there are thirteen books instead of four in the Almagest of lemy. 

Of the Analemma we know nothing. vy ¢ is the only eee 
far as I know, who mentions it. See Pappus Alexandrinus Collectio, 
— Berlin, 1876-8, p. 246. Hereafter we will refer to this work as 
*Pappus.’ 

§ Heath, in the article mentioned in the first note above, gives five 
divisions, the fifth being a second discussion of the duplication problem. 
I am classifying these two parts as one. 

|| The means signify the arithmetic, geometric, harmonic, and seven 
other means closely allied to them. For a discussion of these see article 
by J. S. Mackay, ‘“‘Pappus on the progressions,” Proc. Edinburgh Math. 
Society, vol. 6, p. 48. 


{ 
i 
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3. Some theorems on the sums of lines drawn from points 
on the base of a triangle and included by the sides of the 
triangle, and the extension of these to polygons. 

4. Inscription of the five platonic bodies in a sphere. 

Book IV contains: 

1. Some miscellaneous theorems, most of which have a 
bearing on tangent circles. 

2. A discussion of the properties of the conchoid, the quad- 
ratrix and the spiral of Archimedes and their applications to 
the three famous problems of Greek geometry. 

Book V deals with the theory of isoperimetric figures both 
plane and solid. It consists of three parts: 

1. Theory of plane isoperimetric figures. 

2. Theory of solids as developed by Archimedes. 

3. Comparison of the five platonic bodies when they have 
equal surfaces. 

Book VI discusses some of the more difficult theorems in 
the minor works on astronomy.* 

Book VII is probably the most important one of the eight, 
for here we have set forth in a careful systematic fashion the 
fundamental ideas of the Greeks on loci. Just what the 
contents of this book cover can be summed up in the following 
paragraph from the introduction. 

“This is the order of the books on loci. One book of the 
Data of Euclid, two books of Proportional Section, two of 
Spatial Section, two of Determinate Section and two on 
Contacts, all by Apollonius, three books of the Porisms of 
Euclid, two books on Inclinations by Apollonius,t two books 
on Plane Loci and eight on Conics by the same author, five 
books of Solid Loci by Aristzeus, two books of Surface Locit 
by Euclid and two books on Means by Eratosthenes. There 
are then in all thirty-three books of which, as far as the conics 
of Apollonius, I have set forth the contents for your inspection 
and I have stated the number of loci, of determinations and 


* The Almagest of Ptolemy was known as the major work on astronomy 
and all others were classed as minor. Of these works on pe gives lemmas 
on the Spherics of Theodosius, the Moving Sphere of Autolycus, Days 
and Nights by Theodosius, Size and Distances of the Sun and Moon by 
Aristarchus, the Optics of Euclid, and the Phenomena of Euclid. 

¢ For a discussion of the term veiois or inclinations see Works of Archi- 
medes, ed. Heath, Cambridge, 1897, Chap. V. 

t Whether this work discussed surfaces of the second degree only, or 
sections of these surfaces also is not definitely known. For a discussion of 
this point see Heiberg, Studien iiber Euklid, Leipzig, 1882, pp. 79-83. 
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cases in each book and have set up quite a few lemmas which 
are required, nor do I think I have omitted any question in 
the discussion of these books.’’* 

Book VIII deals with some mechanical problems and a 
few theorems of pure geometry. 

Although we are not sure what theorems were discovered 
by Pappus, the following are a few which may be due to his 
genius: 

1. Generalization of the pythagorean theorem.t 

2. Several of the fundamental theorems relating to per- 
spectivity.§ 

3. A theorem showing the relation between the quadratrix 
and the spiral of Archimedes. 

4. Description of a spiral on a sphere and the quadrature 
of the area of the surface included between this spiral and a 
great circle of the sphere. || 

5. Statement of the so-called theorems of Guldin. These 
are found without proof in the introduction to book VII. 
Their statement there is as follows: “Figures generated by a 
complete rotation about an axis have a ratio compounded 
from the rotating figures and lines similarly drawn to the 
axes from the centers of gravity of the rotating figures: and 
figures generated by an incomplete revolution have a ratio 
compounded from the rotating figures and from the arcs 
which the centers of gravity of the rotating figures describe.” J 

6. Proof of the invariancy of the cross ratio under a pro- 
jective transformation. 

The best edition of the Collection is that of Hultsch** which 
is in Greek with a parallel Latin version. Sir Thomas L. 


* Pappus, p. 636. 

t For a further discussion of the contents of the Collection see the 
article of Heath mentioned in the first footnote on p. 128. Also see Ac- 
count of the Life and Writings of Robert Simson, by W. Trail, Bath, 
1812, pp. 131-180, and Hutton’s Philosophical and Mathematical Dic- 
tionary, 2d ed., vol. II, London, es pp. 146-48. 

t Fora statement and proof of this theorem see Teaching of Geometry, 
D. E. Smith, Boston, 1911, p. 263. 

§ See in this connection articles by R. C. Archibald, “‘Centers of simili- 
tude of circles and certain theorems attributed to Monge. Were they known 
to the Greeks?” Amer. Math. Monthly Y,, vol. 22, pp. 6-12, and “Historical 
_ on centers of similitude of circles,” Amer. Math. Monthly, vol. 23, 


P For a discussion of theorems 3 and 4 see Chasles, Apercgu His- 
torique, Bruxelles, 1837, pp. 28 and ff. 

qP Pappus, p. 682. 
** See the third footnote on p. 128. 
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Heath did intend to bring out an English edition, but a 
recent private letter from Heath speaks for itself: “I do not 
think that there is much prospect now of my bringing out any 
book on Pappus, at all events for a long time . . . if I ever 
have the time to do it at all.” The writer has spent the 
last fifteen months making a careful translation of the Col- 
lection, during which time he has noticed that most writers 
on Pappus have been either extensive or intensive but not 
both at the same time. In particular he has noticed that 
most writers on Pappus seem to think that he was guilty of 
appropriating work that did not belong to him. However, 
the facts which have come out of this extended study seem 
to set at naught all such accusations. 

First let us turn to a problem that has been most widely 
discussed, the trisection of an angle. Gow* says that in Book 
IV Pappus claims as his own a solution of this problem which 
is doubtless the one that Proclus ascribes to Nicomedes. 
The solution in question is Prop. 32, which reads as follows: 
“Let there be any acute angle ABC and let any line AC be 
drawn perpendicular to BC, and let the rectangle ACBZ be 
completed, and let ZA be extended to E, which is so assumed 
that BE being drawn, the segment of it cut off between the 
lines AC and AE is double the segment AB. Then angle 
EBC = 1/8 angle ABC.” 

Cantor seems to have some doubts in his mind as to whether 
this was the solution of Nicomedes effected by means of the 
conchoid, but does not produce any evidence to support his 
doubts.f 

Hoppe criticizes Cantor for even considering that this 
solution was the one of Nicomedes and supports his criticisms 
by pointing out the fact that the insertion of the line DE was 
accomplished by means of the intersection of a hyperbola and 
a circle, and that in this connection no mention is made of 
the conchoid.f{ 

R. C. Archibald states that the discovery of the application 
of the conchoid to the trisection problem was claimed by 
Pappus.§ Sturm says that Pappus seems to claim for him- 


* Short History of Greek Geometry, Cambridge, 1884, p. 310. 

+ M. Cantor, Vorlesungen iiber Geschichte der Mathematik, 3d ed., 
Leipzig, 1907, vol. I, p. 354. ute - ‘ 

Tittoes, Mathematik und Astronomie im klassischen Altertum, Heidel- 
berg, 1911, p. 308. 

§ Amer. Math. Monthly, vol. 21 (1914), p. 347. 
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self this application.* The only reference that is cited from 
the works of Pappus by the above authorities is the follow- 
ing: “We (Pappus) in the Commentary on the Analemma of 
Diodorus used this curve to trisect an angle.”{ And from 
this statement they draw the conclusion that Pappus claims 
to be the first to apply the conchoid to the trisection problem. 
But Pappus was not the first to make the application, and 
does not even claim to be the first, as the following quotation 
clearly shows. “ Nicomedes solved this problem (duplication 
problem) by means of the conchoid, by means of which he 
also trisected an angle.”{ This quotation disposes of the 
question of the claims of Pappus and confirms the statement 
of Proclus that Nicomedes used the curve to solve both the 
duplication and trisection problems.§ 

Also Pappus is accused of proving Prop. 10, Book VIII, ina 
manner only accidentally different from that of Heron of 
Alexandria and that he here assumes credit that rightfully 
belongs to Heron.|| To meet this accusation a translation of 
the introduction to the proposition in question will be suf- 
ficient. It is as follows: “To the same kind of reasoning] 
belongs the problem that a given weight may be moved by a 
given power. This is found in the Mechanics of Archimedes, 
in which he is led to say exultingly: ‘Give me where I can 
stand and I will move the world.’ Then Heron of Alexandria 
has clearly explained this in his book called Bapoudxés . . . 
this being assumed, that the diameter of the wheel shall have 
to the diameter of the axle the ratio 5:1, the weight to be 
moved shall be 1,000 talents and the power which moves it 
5 talents. Now let it be proved by us in the ratio 2: 1 and 
let the weight be 160 talents and the power 4 talents.’’** 

In the above two instances the evidence is clear that Pappus 
was not guilty of appropriating work that belonged to others, 

A, Sturm, Das Delische Problem, Linz, 1895-7, p. 80. 

+ Pappus, p. 

Pappus, p 

Proclus, *Priedlein, p. 272. 
See Gow, Short History, 310, Cajori, History of Elementary Mathe- 
matics, New York, 1914, p. 86 , and Ball, Short ‘History of Mathematics, 
2d ed., New York, "1893, p. 101. Cajori and Ball do not mention this case 
specifically, but since it is one of the three current accusaticns I am assum- 
ing that t ey had this instance in mind. 

{i The reasoning referred to is the reasoning in Prop. 9, in which Pappus 
calculates in general terms the power that will be required to move a 


weight in a horizontal direction on an inclined plane. 
** Pappus, p. 1060. 


1916.]} PAPPUS. INTRODUCTORY PAPER. 133 


but in the third case there is no direct evidence in the works 
of Pappus himself. However, he is accused of claiming as 
his own fourteen theorems on isoperimetric figures which 
Theon of Alexandria says were found in a book written by 
Zenodorus.* Nokk even goes so far as to claim that all the 
theorems recorded by Pappus on isoperimetric figures were 
given by Zenodorus in his book on the subject. Hoppe 
criticizes Nokk very severely and takes the opposite extreme 
by stating that Pappus probably knew nothing about Zeno- 
dorus and worked out the theorems independently. 

The proofs of the theorems mentioned by Theon are almost 
identical with the corresponding ones in Pappus. This fact 
along with some other evidence leads Hultsch to think that 
Theon borrowed part of his commentary from Pappus.t 

But aside from the above criticisms the following items 
have a bearing on the situation. 

(1) The object of the Collection was to set forth the theories 
that had been previously developed and not to develop a new 
theory. 

(2) There is a possibility that Pappus may have mentioned 
the name of Zenodorus, for considerable mutilation has taken 
place in Book V. Proposition 9 has been lost entirely and 
Proposition 7 has a portion of its proof incorrectly written as 
we now have it. 

(3) In comparing Apollonius and Euclid Pappus states 
that it is necessary to be kindly disposed toward any one who 
can advance mathematical theory even a little.§ 

(4) In the light of the above discussion this is the only 
instance in the entire Collection as to which there is any 
doubt about the appropriation of material, and the omission 
of a single name (if it was originally omitted) is, in a work the 
size of the Collection, hardly cause enough for an accusation 
of theft. 

These things seem to the writer to be sufficient to give Pap- 
pus the benefit of the doubt, and to clear his name from the 
stigma that has clung to it for so long. At least an accusa- 
tion of theft seems hardly justifiable until we have some more 
evidence on the subject. 


*See in this connection Pappus, pp. 1189-1211, Gow, Short History, 
pp. 271 and 310, Cajori, History of Elementary Mathematics, p. 86, and 
Nokk, Abhandlung iiber Isoperimetrische Figuren, Progr., Freiburg, 1860. 

t Mathematik und Astronomie, p. 313. 

t Pappus, vol. III, p. xv. 

§ Pappus, p. 676. 
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On the other hand the following is a notable instance where 
Pappus is given credit in some quarters for a thing that he 
does not even claim as his own. Gow* and Taylor} attribute 
the discovery of the focus and directrix definition for the 
conic sections to Pappus. Ball qualifies his statement by 
saying that the discovery is due to Pappus if it was not 
stolen by him.t 

Cantor and Chasles mention the property but make no 
statement other than that it is not found in Apollonius.§ 
Heath states that Pappus gives us the earliest recorded use 
and proofs of the properties in question but that the discovery 
was not due to Pappus, || while Zeuthen seems to think 
that the focus at least for the parabola was known to Euclid.{ 

In the Collection there are two references to the properties 
mentioned above. The first is Prop. 34, Book IV, which 
reads as follows: “Some by other reasoning have explained 
the trisection of an angle without inclinations.** Let the arc 
be cut in any ratio for there is no difference whether we cut 
an are or an angle. Let it be done and let arc BC = 1/3 are 
AC and let AB, AC and BC be drawn. Then 7 ACB = 
2ZBAC. Let CD bisect 2 ACB and let the lines DE and 
BZ be drawn perpendicular to AC. Then AD = DC and 
AE = EC. Therefore the point E is given.” 

Then by means of a very simple proof we have the following 
relation 


+ = 4EZ’, 


from which Pappus draws the following conclusion. 

“Now because the points E and C are given and the per- 
pendicular BZ is drawn and given and the ratio EZ? : (BZ? 
+ ZC”) is given the point B is on a hyperbola.” 

* Short History, pp. 252 and 309. 

tC. Taylor, Introduction to the Ancient and Modern Geometry of 
Conics, Cambridge, 1881, p. xxxvi. 


t Short History, 2d ed., New York, 1893, p. 101. ; 
§ Cantor, Geschichte, ‘vol. I, p. 452, and Chasles, Apergu Historique, 
p. 44. 


|| See the first footnote on p. 128. 

§ Geschichte der Mathematik im Alterthum und Mittelalter, Kopen- 
hagen, 1896, p. 211. See also in this connection Zeuthen, Die Lehre von 
den Kegelschnitten im Alterthum, Kopenhagen, 1886, pp. 212 and ff., 
where an extended account of the properties is found, and Encyclopiidie 
der Mathematischen Wissenschaften, Band III, Heft I, pp. 12 and 52-59. 
This last gives extensive references relative to the development of the 
focus and directrix. 

** See the third footnote on p. 129. 
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Now according to the introductory statement of the theorem 
Pappus was only recording the solution of others, but we have 
here everything concerning the focus and directrix definition 
except the definite statement of the theorem, and since Pappus 
by means of the constant ratio was able to say that the point 
B was on a hyperbola the distinction must have been known. 

In the second reference we have the explicit statement 
and proof of the properties.* 

Proposition 238, Book VII, reads as follows: “Let there be 
a line AB and a point C in the same plane and from a point D 
let DC be drawn and also DE perpendicular to AB and let 
the ratio CD : DE be given. Then the point D is on a conic, 
and if the ratio = 1 it is on a parabola, if > 1 on a hyperbola 
and if < 1 an ellipse.” 

The proof of this theorem depends upon the proof that the 
ratio EZ? : (BZ? + ZC’) of Prop. 34, Book IV, is given and 
known. But this is the theorem that Pappus assumes to be 
known. This consideration along with the fact that Prop. 238, 
Book VII, is a lemma on Euclid’s Surface Loci gives some 
weight to the statement of Zeuthen mentioned above. This 
much is evidently true. The idea was not new to Pappus 
even if we concede that he was the first to put it in definite 
form. 

One thing more ought to be emphasized in any discussion 
relative to the Collection and that is its remarkable suggestive- 
ness. In order to understand this, one has only to turn to 
the works of such men as Chasles,t Giinther,t Descartes,§ 
Newton, || and Steiner,{ for in the writings of these men it has 
furnished the basic ideas for analytic geometry, projective 
geometry, and other allied theories. And if it had so much to 
offer these men, it ought to furnish some suggestions to the 
careful reader of today. 

West Cuester Scoot. 

* Pappus, pp. 1005-1015. 

t Apercu Historique, pp. 28 and ff. 

t “Ueber eine merkwiirdige Beziehung zwischen Pappus und Kepler,” 
Biblioteca Mathematica, 1888, p. 81. 

§ La Géometrie de René Descartes, Paris, 1886. 


See Ball, Short History, 2d ed., p. 355. 
Steiner, Werke, herausgegeben von Weierstrass, pp. 81 and ff. 
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SHORTER NOTICES. 


Guida allo Studio della Storia delle Matematiche. By Gino 
Lorta. Milano, Hoepli, 1916. Pp. xvi-+ 228. Price 3 
lire. 

No one can pick up such little volumes as those of the 
Sammlung Géschen, Sammlung Schubert, Teubner’s Aus 
Natur und Geisteswelt and Mathematische Bibliothek, and 
the Manuali Hoepli without a feeling somewhat akin to 
envy. That economic conditions are, or at least have been 
until now, such as to allow the sale of many of these works 
for a few cents abroad, while in this country it is practically 
impossible to publish similar manuals, always seems un- 
fortunate from the standpoint of scholarship, even if excus- 
able from that of labor. So when we see a book like Pro- 
fessor Loria’s selling for less than sixty cents, we must all feel 
regret that it can be accessible only to students who are 
familiar with the Italian language. 

It is now nearly nine years since Professor Loria expressed, 
at the fourth International Congress of Mathematicians, his 
belief in the advisability of placing before students a guide 
for their study of the history of mathematics. His well- 
known interest in the subject, his contributions to its litera- 
ture, his courses in the University of Genoa, and his editorial 
experience, all have tended to fit him for writing such a work, 
and he is entitled to the thanks of all mathematicians for the 
care he has shown in its preparation. 

The “Guida” is divided into two parts, the first relating to 
the preparation for research, and the second to aids in re- 
search itself. Under the former title are considered the 
questions of historic method in general, of the bibliography 
of the history of mathematics, and of the material to be found 
in periodical literature. In the second part Professor Loria 
considers the material to be found outside the general histories, 
not only that which may be characterized under the head of 
guides to original sources, such as works on the reading of 
manuscripts, but such bibliographical and biographical works 
as bear upon the subject in hand. The topics include Greek, 
Roman, and Oriental biography and bibliography; biography 
of modern mathematicians in various countries; collections of 
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works of great mathematicians; catalogue material; reviews 
such as those in the Jahrbuch iiber die Fortschritte der Mathe- 
matik; and the method of using all this material. 

Under each of these heads is given a list of books relating 
to the subject, often with a valuable note concerning an 
important work, so that the student is assisted in weighing 
the value of any book that he is likely to consult. 

It will at once be seen that here is an aid to the study of 
the history of mathematics that will be serviceable to all 
students of the subject and that will save a large amount of 
dictating and directing on the part of those who give instruc- 
tion. Whether or not the bibliography is as good as one 
could wish, it is still a decided help and as such it should be 
received. It is now nearly seventy-five years since such a 
work was first attempted in a small way, by De Morgan, but 
this effort was buried in the British Almanac and Compsnion 
for 1843, so that it is rarely seen to-day; and after all, there 
is little comparison between the two publications. 

One of the simplest tasks of a reviewer is to pick flaws in 
such a work. The mass of material is now so great that it is 
almost impossible for a single writer to digest it all, especially 
in the case of monographs and articles hidden in the reports 
of associations and in periodicals not directly concerned with 
the history of mathematics. In considering the question of 
completeness this reviewer first went to his card catalogue 
and then to his bibliographical notes to see what was on his 
own shelves that was not listed. It was soon apparent that 
Professor Loria had simply made a selection, although the 
basis of this selection was not always apparent. Naturally 
the Italian writers are more fully considered than those of 
other countries, but numerous names are missing, presumably 
because they represent articles which originally appeared in 
periodicals to which a general reference is made. But whether 
all these periodicals are named, it is difficult to say, there being 
only an index of names of authors. There seems to be no 
reference to the Comptes rendus (Paris), for example, although 
this publication has numerous articles of a historical nature, 
and so it is possible that Italian references of the same kind 
are wanting. 

The English bibliography is naturally less complete than 
that of Italy and France. For example, there is no mention 
of the following works: Anderson, edition of the Arenarius 
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(London, 1784); Harris, Lexicon Technicum (London, 1716); 
Wallis, the English edition of his algebra (London, 1685) 
which, while not as complete as the Latin, is more accessible 
to most readers; Raphson, History of Fluxions (London, 1715), 
a valuable work in spite of its bias; Woodhouse, on Isoperi- 
metrical Problems (Cambridge, 1810), a helpful work on the 
history of the calculus of variations; Hutton, Tracts on 
Mathematical Subjects (London, 1812), worthy of mention 
as well as his dictionary; Taylor, translation of Bhaskara’s 
Lilavati (London, 1816); Rigaud, on the first publication of 
the Principia (Oxford, 1838); Dacier, the English edition of 
his life of Pythagoras (London, 1707); Stewart and Minto, 
Life and Writings of John Napier (Perth, 1787); Trail, Life 
and Writings of Robert Simson (Bath, 1812); Bruce, Memoir 
of Charles Hutton (Newcastle, 1823), and many similar works. 
It may, of course, be said that such a name as Hutton is not 
international; but for English and American students, at 
least, many titles like the above would be needed. There are 
also four rather remarkable articles prepared for encyclopedias 
but often found printed separately, namely, Playfair’s General 
View of the Progress of Mathematical and Physical Science 
(Edinburgh, 1816); Peacock’s article on Arithmetic (London, 
1825), justly held as one of the most scholarly treatments of 
the history of arithmetic in the English language, and his 
report on the recent progress of analysis (London, 1834); 
and John Herschel, Mathematics (Edinburgh, 1830), with 
some good historical material. 

In French there are less frequent omissions, and yet a num- 
ber of important works, some of them doubtless reprints, are 
wanting. Such, for example, are Biot’s Analyse des Ouvrages 
originaux de Napier relatifs 4 l’Invention des Logarithmes 
(Paris, 1835); De Coste, La Vie du R. P. Marin Mersenne 
(Paris, 1649); Baillet, La Vie de M. Descartes (Paris, 1691, 
with an English edition in 1693); Dupin, Essai historique sur 
Monge (Paris, 1819); Savérien, Dictionnaire universel de 
Mathématiques (Paris, 1789), with considerable historical 
material; Bertrand’s Rapport sur les Progrés de |’Analyse 
(Paris, 1867); and numerous minor works like those of Boyer 
(1900) and Bioche (1914). 

There are also missing such works as Voss, De quatuor 
Artibus (Amsterdam, 1650), containing a chronologia mathe- 
maticorum not to be despised; Ramus, Schole Mathematice, 
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with considerable historical matter; Weidler, De Characteribus 
Numerorum (Wittembergz, s.a.); Biering, Historia Problematis 
Cubi duplicandi (Copenhagen, 1844); Brugsch, Numerorum 
apud veteres Aigyptios Demoticorum Doctrina (Berlin, 1849); 
and Budaeus, De Asse et Partibus eius Libri V (Paris, 1514, 
and various other editions), works of no great value, except 
the last one, but still important enough to make it worth 
the while of students to consult them. 

Such a list of omissions could, of course, be greatly ampli- 
fied, and no doubt M. Enestrém will see that this is done 
when the publication of Bibliotheca Mathematica is resumed. 
It would be possible also to mention several unimportant 
misprints, but this matter, too, may well be left for the careful 
if sometimes caustic pen of the Stockholm critic. The omis- 
sions are not mentioned by way of criticism, because no book 
of this size can be expected to give more than a limited selec- 
tion from all the works upon the subject, even from the 
rather important ones; but they are given simply for the 
purpose of calling attention to the fact that students must 
not feel that the list given by Professor Loria is exhaustive. 
The book is merely a guide which points the general way, and 
the student must expect to supplement it at every step of 
his progress. Looked at in such a spirit, the book is a very 
welcome addition to our literature. 

Davip 


Fundamental Conceptions of Modern Mathematics—Variables 
and Quantities. By Ropert P. RicHarpson and Epwarp 
H. Lanpis. The Open Court Publishing Company, Chi- 
cago and London, 1916. 

THE volume under review contains Part I: on Variables 
and Quantities, and a portion of Part X: on Functional Rela- 
tions, of the division on Algebraic Mathematics of the treatise 
entitled Fundamental Conceptions of Modern Mathematics. 
No mention is made of other divisions of the treatise, but 
twelve additional parts of the first division are announced. 
A synopsis of these later parts is given at the end of the 
present. volume and the authors invite ‘ ‘suggestions toward 
improving the present redaction of these later parts” as well 
as “comments in criticism of Part I.” Some of the topics 
which are to be treated in the later parts are domains and 
ranges; limits, bounds, and appanages; symbols, signs, and 
sigla; differentiation; integration, etc. 
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The purpose of the work is “to examine critically the 
fundamental conceptions of mathematics as embodied in the 
current definitions.” The authors complain that “Defini- 
tions are laid down only as they are needed for the work in 
hand, and in their formulation attention is given, not to the 
needs of mathematical science as a whole, but to those of a 
single book—too often a book whose sole purpose is to enable 
more or less stupid youths to pose as graduates of a course in 
mathematics.” One feels that they are inspired by uplift 
ideals when one reads that “mathematics to-day is indeed 
far behind most other sciences as regards lucidity of exposition. 
In a comparatively short time a young man of average ability 
can become so familiar with chemistry or botany or zoology, 
as to be able to read intelligently a work in any department of 
the science whatsoever. But this is not the case with mathe- 
matics—a student far above mediocrity, who has taken the 
best university course in mathematics to be found, will come 
across mathematical works as unintelligible to him as Chinese 
or Choctaw. It is not merely that he finds himself unfamiliar 
with the theorems proven in such works: this would be neither 
surprising nor detrimental; but he will not even be able to 
understand what it is that the theorems are about. And to 
gain the knowledge requisite for this will not be a matter of 
consulting a lexicon; but one of hard study for several months. 
This state of affairs is not, we hold, an unavoidable one due 
to the peculiar difficulties of mathematics. It is due to the 
lack of systematization; and in particular to the failure of 
text-books to give any thorough exposition of the funda- 
mental conceptions of mathematics.” It behooves the mathe- 
matician to take notice of such a thesis and to examine sympa- 
thetically any contribution made by its positor. The state- 
ments that “the thirst for so-called ‘original research,’ and 
the credit attached to it has led mathematicians to disregard 
such matters” and that “in many quarters the impression 
prevails that there is nothing more to be done at the founda- 
tions of mathematics” raise some doubt as to the competence 
of the authors to speak authoritatively and put the mathe- 
matical reader on his guard. He is likely to maintain this 
attitude when he reads that “This much-needed revision of 
mathematics ought undoubtedly to be made from a philo- 
sophical standpoint, there being constantly maintained rigid 
adherence to the requirements of a sane metaphysics in the 
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best sense of the word and to the canons of a sound logic” 
and when he is shocked by the bad taste of the statement that 
“in making a provisional list” of the transformations of equa- 
tions, “we find that the treatment of Vieta was more truly 
scientific than that of the pygmies who followed him in this 
field.” 

The importance of Part I with reference to the work as a 
whole is made clear by the statement that “the keynote of 
our work is the distinction we find it necessary to make 
between quantities, values and variables on the one hand, 
and between symbols and the quantities or variables they 
denote or values they represent on the other.” Here the 
authors complain that “mathematicians confuse values and 
quantities, and again quantities and variables, though not 
usually values and variables. And they also confuse symbols 
(and in general expressions) with the things these denote or 
represent” and that “the tendency to confusion instead of 
distinction would indeed seem to be growing, and certain 
mathematicians would avowedly make mathematics entirely a 
matter of symbolism.” 

The first 145 pages are devoted to a critique of the defini- 
tion of a variable as a quantity or as a symbol of some sort. 
An explicit statement of what the authors consider to be the 
“proper definition” of a variable is nowhere given: “Any 
attempt to give a precise account of the definition of the term 
‘variable’ would require a somewhat lengthy consideration of 
the philosophical theory of the categories, which cannot be 
given in this place.” An idea of what they have in mind 
may be gained perhaps from the following quotations: “The 
quantities contemplated together, when a variable is the object 
of inquiry, compose a class of quantities which we may call 
a variable-class. But a wide gulf separates the inquiries 
instituted with respect to variables and all other inquiries 
instituted with respect to the members of classes composed 
of quantities;” “the propositions enunciated concerning a 
variable do not, in the typical cases, treat of the members of 
the variable-class taken separately; they treat of the mutual 
relations between the members of the class. And among 
these relations, the most common is that state of affairs which 
exists when the variable possesses a limit—a limit being a 
quantity which may or may not belong to the variable;” 
“in any inquiry concerning a variable, one of the most im- 
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portant, though one of the least regarded facts, is the arrange- 
ment in order of the quantities which compose the variable;” 
“we shall say that the quantities of a variable are arranged in 
order, when every quantity of the variable has had conferred 
upon it a relation or order with respect to at least one other 
quantity of the variable;” “to discover what character 
quantities must possess to be amenable to those inquiries for 
which a variable is formed, and therefore to be eligible to join 
in forming a variable, we will inspect the most typical of all of 
the relations between the quantities of a variable—the rela- 
tions which subsist when the variable incessantly approaches 
a quantity, either as a limit or otherwise. The qualifications 
hereby educed are conformed to by the quantities of every 
variable, as an exhaustive examination of the variables found 
in the mathematical sciences will show. For a variable z to 
incessantly approach a quantity a, it is requisite: first, that 
there should be a unifarious arrangement of the quantities of 
the variable; second, that each quantity in the variable should 
be nearer a than is every previous quantity; third, that no 
quantity of the variable should be equal to or identical with a. 
The second condition is that relevant to our inquiry. In 
stating it we use the word nearer in a technical algebraic sense. 
Of two quantities x; and 22, the latter is said to be nearer the 
quantity a than is the former when the difference between 
22 and a is less numerically than the difference between 2; 
and a;” “hence, in order that the variable z shall incessantly 
approach the quantity a, it must be possible to find the differ- 
ence between every quantity of z and a—in other words, 
with each quantity of x, it must be possible to either sub- 
tract this quantity from a or to subtract the latter from the 
former. And for these operations of subtraction to be possible, 
there must be a certain uniformity of character of a and the 
quantities of x.” We shall not indulge in comment upon 
these statements. Much space is devoted to a classification 
of quantities into sorts, kinds and varieties, but unfortunately, 
we do not find anywhere an explicit statement of what “quan- 
tity’”’ means. The authors present their views upon vectors 
and quaternions (comment on these views will doubtless come 
from specialists in the field) and proceed to build up a theory 
of negative, imaginary, complex, and hypercomplex numbers. 
We are told that “of the services rendered by Hamilton to 
mathematical science, one of the most important has not been 
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recognized by mathematicians. With the admission of the 
relations between vectors of the same sort to membership 
among the quantities of mathematics, there is furnished 
ample argument to banish forever, to the limbo of doctrines 
outworn, the tenet so widely taught by mathematicians, even 
at the present day, that negative, imaginary, and complex 
‘numbers’ are mere symbols.” Indeed they hold that “the 
ordinary algebra of the present day . . . ought to be largely 
developed as a complanar vector analysis; and it is on such a 
basis that we deal, not merely with the imaginary quantities 
but also with the real negatives, the abstract as well as the 
applicate. The method of introducing the negative real 
abstract quantities by the sanction of the Principle of Perma- 
nence we are constrained to regard as especially unsatis- 
factory, though this method is used, in formulating algebra 
as a system, by the most eminent mathematicians. Our own 
way of dealing with these and with the imaginary abstract 
quantities is the natural result of not confining our attention 
to the formal side of algebraic science, but taking into account 
its matter as well as its form. Those who would develop 
algebra as a purely formal science, and as nothing more, are 
satisfied to stop when they have ascribed the origin of the 
conception of a negative real abstract quantity to such equa- 
tions as x+1=0, x+2=0, etc., and the conception of 
an imaginary abstract quantity to such equations as 2? + 1 
= 0, 27+ 2=0, ete. But the conceptions attained when 
one does not look beyond the equations are nothing more 
than purely formal conceptions of quantities, and he who 
would master the matter as well as the form of the science 
must look deeper. He must attain what might be termed 
entitative conceptions. He must find classes of entities ade- 
quate to fulfill the conditions fixed by the formal conceptions.” 

In the next ten pages the authors review and criticize most 
unmercifully the definitions of a variable given by various 
authors, including Baire, Gennochi-Peano, Czuber, Burk- 
hardt, Pringsheim, Pierpont, and Russell. Part I closes with 
a consideration of certain variables. “The most simple of all 
variables are the ordinary progressions of arithmetic: arith- 
metical, geometrical, harmonical, etc.” Series are considered 
in the same connection. 

The portion of Part X which occupies the last 30 pages of 
the volume begins with the statement that “the essential 
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characteristic of a .unctional relation between variables we 
hold to be the like order of corresponding quantities in these 
variables. For two variables, y and z, to be in functional 
relation, it is necessary and sufficient that there be two or 
more quantities of z, 21, 22, etc., which respectively corre- 
spond to yi, 2, etc., quantities of y, and that with every two 
pairs of corresponding quantities 2 and Ym, tn and Yn, Ym is 
subsequent to y, when 2» is subsequent to 2, and vice versa; 
Ym is prev ous to y, when 2» is previous to z, and vice versa; 
and finally when z,, is neither previous nor subsequent to x, 
(e. g., is abreast of it, as may be the case under a multifarious 
arrangement) y» bears a like relation of order to yn, and is 
neither previous nor subsequent to the latter and vice versa. 
In the case of three or more variables, x, y, z, etc., the suf- 
ficient and necessary conditions are quite analogous.” Com- 
ment seems quite superfluous here.—After reviewing some 
of the historical definitions of the notion of function, the 
authors take up current views of functions by quoting from 
Dini, Harkness and Morley, Osgood, and Pringsheim, none of 
which authors succeed in finding favor with our crusaders. 
The last six pages of the volume are devoted to an exposition 
of the “errors of Riemann.” 

While some of the criticisms made by the writers of this 
book are doubtless well-founded (confusion in the use of the 
words same, equal, and identical; in the use of the word series; 
apparently erroneous ascription to Dirichlet of the definition 
of function usually credited to him), and while some of the 
ideas they introduce are interesting and perhaps valuable, 
(confluence and contrafluence, e. g.), it must be clear from 
the passages quoted that the book does not contribute in any 
important way to the solution of the problem which it set, 
viz., the critical examination of the fundamental conceptions 
of mathematics. 

In the first place much space is devoted to dealing in a 
superficial way with the nomenclature of mathematics, and 
introducing without reason which seems sufficient to the 
reviewer, a considerable number of new terms. It is not at 
all clear for instance, why “negative protomonic abstract 
non-zero”’ is less “crude” and less “unsuited to the present 
state of mathematics” than “negative number.” While 
uniformity in usage is doubtless desirable, it is really not of 
much consequence whether the term “complex number” shall 
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or shall not include the reals or the pure imaginaries or both. 
To make this issue the basis for a tedious quarter of a page 
and for the statement that “inability to use language with 
precision seems to be a failing endemic among mathematicians, 
and Riemann was not immune” under a page heading “the 
errors of Riemann” is amusing arrogance. The book does 
not lack other passages of a similar character. It does not 
seem necessary nor perhaps even desirable to the reviewer 
that an elementary text in algebra (as Bauer’s Vorlesungen 
iiber Algebra or Burnside and Panton’s Theory of Equations) 
should introduce the most general notion of function. The 
authors seem to find a failure to do so sufficient reason to 
accuse an author of “serene omninescience of the progress 
made since the middle of the eighteenth century.” 

In the second place the authors seem to be oblivious of the 
fact that mathematics intends to be an abstract science and 
that it is not primarily concerned with the concrete instances 
from which the abstractions with which it deals may be made. 
The larger part of the present volume, stripped of the parts 
irrelevant to its own purpose, is occupied with finding con- 
crete instances for the abstractions number, variable, and 
function, upon the basis of-vector analysis. The classifica- 
tion of quantities into sorts, kinds, and varieties is without 
significance for the numbers of mathematics, though perhaps 
useful if one wishes to provide a concrete basis for each of 
the types of numbers which occur. To do this may be of 
interest to the pedagogue, but it is without importance for the 
mathematician and of questionable value for the scientific 
philosopher, particularly when for the genesis of the vector 
analysis itself at least the real number system would be 
requisite. It is not surprising that the authors can not be 
satisfied with the definitions of variable and function which 
they find in mathematical books, when we realize that the 
writers of these books are not dealing with the things their 
critics seem to be interested in. 

And in the third place it appears to the reviewer that the 
method pursued by this book is entirely inadequate for its 
purpose. It is recognized generally that in a systematic dis- 
cussion of the foundations of any division of mathematics, 
we must begin by knowing precisely what it is we are going to 
talk about and what our fundamental assumptions are going 
to be, i. e., we begin by laying down indefinables and postu- 
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lates. This the authors of this book have not done and the 
result is that in many places we are at a loss to determine the 
meaning of the words used, and that, if we make a correct 
guess at their meaning, we find ourselves confronted with 
numerous instances of “ vicious circle definitions,” i. e., defini- 
tions which do not define. We call attention to the dis- 
cussion of sorts on pages 24 and 25 (what does it mean to add 
two quantities?); to that of kinds on page 27 (when is one 
quantity equal to, greater than or less than another?); to the 
discussion of units on page 39 (what is + 1 when we do not 
yet know what a unit is?) and to the definition (?) of sort on 
page 76 et seq., as well as to the discussion of the meaning of 
zero on page 139. 

That the authors do not have any respect for authority will 
perhaps be regarded as a merit by many, although the manner 
in which this “originality” finds utterance can not fail to irri- 
tate the mathematical reader, particularly when positive evi- 
dence of a lack of mathematical maturity comes before him. 
Such evidence is found in the meaningless discussion on page 
188 which aims to “make plain to the veriest tyro in mathe- 
matics” that the definition of function as given, for instance, 
in Osgood’s Funktionentheorie is “erroneous”; also in the 
discussion of Riemann’s definition of a function of a complex 
variable on pages 196 and 197. 

The reviewer considers the appearance of this book there- 
fore as a distinctly unfortunate occurrence and he hopes that 
wiser counsel may prevail if the publication of future parts 
of the work should be under consideration. Poincaré, Russell, 
and others have done much to bridge the gulf which has 
separated philosophy and mathematics. Their work has un- 
doubtedly contributed a great deal on the one hand to the 
appreciation on the part of mathematicians of the problems 
in the foundations of their science, and on the other hand to 
the initiation of a new tendency in philosophy. Further work 
in this field will therefore be received with interest and hope 
by mathematicians, provided it give clear evidence of the 
author’s competence in both mathematics and philosophy. 
Unless this be the case, the workers in the two fields will be 
driven apart, for each group is inclined unfortunately to hold 
the other group responsible for the acts of any one whom they 
have reason to suspect of belonging to that group. It is 
earnestly to be hoped that the mathematicians who may 
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happen to read the volume under review may not base upon 
it a general condemnation of the utterances of philosophers 
concerning mathematics, but will give themselves an antidote 
in the form of such books as Russell’s Scientific Method in 
Philosophy or Holt’s Concept of Consciousness. 

ARNOLD DRESDEN. 


Homogeneous LInnear Substitutions. By Harotp Hinton, 
M.A., D.Sc. Oxford at the Clarendon Press. 1914. 
Pp. 184. 

Proressor Hilton’s book is a welcome addition to the text- 
book literature on the subject of linear substitutions. In the 
preface the author states that he has “attempted to put 
together for the benefit of the mathematical student those 
properties of the homogeneous linear substitution with real 
or complex coefficients of which frequent use is made in the 
theory of groups and in the theory of bilinear forms and 
invariant factors.” 

The first four chapters, comprising a little more than half 
of the book, are intended to form an introduction to the whole 
subject. In the first chapter, which is much the longest in 
the book, the ordinary method of transforming the general 
substitution into the normal and canonical forms by means 
of the poles is shown and the simpler properties of symmetric, 
orthogonal, unitary, and Hermitian substitutions are given. 
In the second the author gives a very brief account of in- 
variant factors* and develops the second canonical form which 
is the direct product of substitutions of the type 


= 2, = 13, = Ly 


In the third chapter devoted to bilinear forms the Hermitian 
forms play a prominent part. 

To the student who comes to the subject for the. first time 
the fourth chapter on Applications will be one of the most 
interesting in the book. Illustrations from the theory of 
equations, from differential equations, from the theory of 
maxima and minima, from geometry, and from mechanics 
serve to show the wide range of application of the subject. 


* Following Bromwich, Hilton uses the term “invariant factor” instead 
of “elementary divisor.” 
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Not the least interesting of these applications is the develop- 
ment of the theorems of Thompson and Bertrand on the 
kinetic energy of systems acted upon by impulses. 

The last five chapters are somewhat more advanced in 
character and are concerned principally with the more detailed 
properties of symmetric, orthogonal, and Hermitian substi- 
tutions. Two brief chapters are devoted to permutable 
substitutions and to families of bilinear forms. 

The book contains a large list of examples which, on the 
whole, serve to illustrate rather than to extend the subject. 
For the greater part of the examples indications of the methods 
of solution are given. 

The book contains so much material that has not hereto- 
fore been available in one place that it may seem out of place 
to criticize it for what it does not contain. Nevertheless one 
can not help feeling that the author has taken his title too 
literally. For example, it contains no hint of the relation 
of homogeneous to non-homogeneous substitutions, though 
in many fields, as in projective geometry and theory of func- 
tions, the non-homogeneous form is frequently more con- 
venient. 

Again, the reader who is familiar with the group theory 
will wonder why the word “group” has been excluded from 
the body of the book even though, as the author says, this 
phase of the subject has been well treated by Burnside. The 
introduction of even the elements of the group theory would 
have given to the book a symmetry and a completeness that 
it does not now have. Moreover, even Burnside’s excellent 
treatise omits much important material that is to be found in 
the best continental texts, Weber’s Lehrbuch der Algebra, for 
example. This is particularly true of the fundamental the- 
orems relating to invariants of groups of substitutions of which 
Hilbert’s theorem on the finiteness of form systems is the 
completest generalization. This gap for English-speaking 
students has recently been filled in part by the publication of 
Miller, Blichfeldt, and Dickson’s Finite Groups. 

The treatment of permutable substitutions, covering as it 
does a scant seven pages, of which nearly two pages are taken 
up by examples, could well have been amplified. Of the 
equations of Weierstrass and Dedekind which play an im- 
portant part in the theory of algebraic integers as well as in 
the theory of complex number systems no mention is made. 
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Likewise the beautiful theorem which asserts that two per- 
mutable substitutions must have a common pole is omitted. 

The author follows Jordan, Klein, and Burnside in writing 
the accented, i. e., the new, variables on the left, and writes 
the factors of a product in such order that multiplication of 
substitutions is effected through columns-by-rows multi- 
plication of the matrices. 

In spite of the omission of some things that the reviewer 
would have liked to see included, the book is a noteworthy 
contribution to a subject that is of increasing importance to 
students of mathematics. It is well written, though the 
condensed notation makes it rather difficult reading for the 
beginner in the subject. 

Ernest B. SKINNER. 


MATHEMATICS AT AN ITALIAN TECHNICAL 
SCHOOL. 


Tue regular courses in the Italian technical schools are 
five years long, most of the work being prescribed. The 
schedule is not exactly the same in all of them, yet the general 
scheme followed can be understood by following the plan of 
instruction in any one of them. For this purpose we choose 
that at Milan (Reale Istituto Tecnico Superiore di Milano), 
which includes a two-year course in mathematics, physics, and 
chemistry and also in Italian and two foreign languages as 
preparatory to the regular three-year courses in mechanical, 
electric, civil, and mining engineering, architecture, industrial, 
physical, and electric chemistry, and a four-year normal 
course. Candidates for admission must have a diploma from 
a recognized Italian secondary school or equivalent credentials. 
In mathematics they must be familiar with plane and solid 
geometry, plane trigonometry, algebra including determinants, 
theory of equations and graphical processes, and the elements 
of projective geometry. 

The following outline applies to all the students except those 
in architecture, who have briefer courses in all the subjects 
mentioned. 

During both terms of the first year there are three weekly 
lectures and one hour of exercises in plane and solid analytic 
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geometry (Professor A. Jorini); four lectures and three hours 
of exercises in mathematical analysis (Professor U. Cisotti); 
three hours in physics, six in drawing, four (no laboratory) in 
chemistry, one in Italian literature, and two each in English 
and German. The first term’s work is very similar to that 
given under the same heading in our American institutions, 
the main difference being that much less time is given to 
exercises. But while the internal structure in analytic 
geometry is similar, there is a marked difference in the work 
in mathematics as a whole, for during this same term the 
student also takes a much more comprehensive course in the 
calculus. It begins with a review of determinants, systems 
of linear equations, complex numbers, and the idea of func- 
tionality. Derivatives of algebraic functions are introduced 
as soon as the student has completed the geometry of the 
straight line, and it is at once followed by a generous treat- 
ment of maxima and minima. In the treatment of series 
general questions of convergence are studied, the theorems 
of Taylor and Maclaurin derived, and the remainder em- 
ployed. The next chapter is that on geometric applications, 
including tangents, inflexions, curvature, evolutes, and singular 
points. 

In analytics, the entire second term is devoted to space; 
the instruction includes an extensive discussion of quadric 
surfaces, making free use of polar properties. In analysis, 
we begin with integration as a formal process, then as sum- 
mation, followed by the usual elementary geometric applica- 
tions. Then go back to functions of two or more variables, 
implicit functions and some geometric applications of partial 
derivatives. Finally, a short survey of elliptic integrals, 
integration by series, and a glimpse at differentiation and 
integration under the sign of integration. 

In the second year analysis is taught six hours per week 
during the first semester (Professor U. Cisotti), projective 
and descriptive geometry is taught throughout the year, three 
lectures and six hours of drawing per week (Professor C. 
Capelli), and rational mechanics both terms, four lectures 
and one hour of exercises per week (Professor B. Caldonazzo). 
The hours in physics, chemistry, and languages are about the 
same as for the first year. The number of actual hours per 
week required of each student is 30 the first year, 38 the second. 
In analysis, the topics considered are space curves, multiple 
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integration, differential equations, approximate solutions, 
Fourier series, functions of a complex variable, conformal 
representation, and an introduction to vector analysis. 

In projective geometry the work is taken up in the sequence 
and about the extent treated in Cremona’s book* followed by 
reciprocal radii and general quadratic inversion. In descrip- 
tive geometry, the course given is about the same as is found in 
our better institutions, with the addition of further work on 
axonometry, central perspective, ruled surfaces of orders 
three and four, and brilliant points and lines. 

The course in mechanics begins with vector analysis fol- 
lowed by statics, including center of gravity, then by kine- 
matics of a point and of a rigid body, precession and relative 
motion, ellipsoid of inertia. After about two months dy- 
namics is introduced, mass, weight, force defined, impulses, 
kinetic energy, free and restrained vibrations, resonance, gravi- 
tation, central motion, Kepler’s law, and the centrifugal pendu- 
lum being studied. In the second term the topics considered 
are d’Alembert’s principle, potential energy, examples, in- 
cluding loop the loop, stability of equilibrium, dynamics of a 
rigid body, compound pendulum, Euler’s equations, the 
gyroscope, and various applications. Finally, dynamics of 
continuous systems, hydrostatics and hydrodynamics, equa- 
tions of Laplace and Poisson, lines and tubes of flux, gravi- 
tational field, potential of spherical strata, etc. 

This completes the regular work in mathematics. During 
the third year courses differ for students in the various 
branches, but all take the thermodynamics (three hours), 
and applied mechanics, nine hours per week. 

If we include rational mechanics and projective geometry 
in pure mathematics, but exclude descriptive geometry, 
thermodynamics and applied mechanics, we see that the 
Italian technical school student has thirty-six hours per 
week for one term of pure mathematics, and has had pre- 
liminary work at least equal to that required of our most 
exacting schools. Moreover, a more advanced course in 
analysis is offered as an elective by Professor G. Vivanti, to 
be taken in the fourth or fifth year, and similar choices are 
possible in several branches of applied mathematics. 

VirGIL SNYDER. 


~ *Cremona was professor of geometry at. the Milan technical school 
when he wrote his well-known treatise on projective geometry. 
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NOTES. 


Tue concluding (October) number of volume 17 of the 
Transactions of the American Mathematical Society contains 
the following papers: “On the invariant system of a pair of 
connexes,” by O. E. GLENN; “Algebraic properties of self- 
adjoint systems,’ by DunHAM Jackson; “On the second de- 
rivatives of an extremal-integral with an application to a 
problem with variable end points,” by ARNoLD DrEsDEN; 
“Deformable transformations of Ribaucour,” by L. P. 
E1sENHART; “Jacobi’s condition for the problem of Lagrange 
in the calculus of variations,” by D. M. Smrru; “On tran- 
scendental numbers,” by A. J. Kempner; “The linear de- 
pendance of functions of several variables, and completely 
integrable systems of homogeneous linear partial differential 
equations,” by G. M. Green; “On the factorization of ex- 
pressions of various types,” by Henry BuiumsBerc; “The 
formal modular invariant theory of binary quantics,” by O. 
E. GLENN. 


Tue May, June, September and October numbers of the 
Proceedings of the National Academy of Sciences contain the 
following mathematical papers: “On the foundations of plane 
analysis situs,” by R. L. Moore; “A general theory of sur- 
faces,” by E. B. Wi1son and C. L. E. Moore; “Theory of an 
aeroplane encountering gusts,” by E. B. Witson; “ Differ- 
ential equations and implicit functions in infinitely many 
variables,’ by W. L. Hart; “Note on Lucas’ theorem,” by 
M. B. Porter; “A variable system of sevens on two twisted 
cubic curves,” by H. S. Wurte; “A proof of White’s porism,” 
by A. B. Coste; “On certain asymptotic expressions in the 
theory of linear differential equations,’ by W. E. MItne; 
“On Newton’s method of approximation,” by H. B. Fine; 
“Point sets and cremona groups. Part III,” by A. B. CoBiE; 
“Some problems of diophantine approximation: a remarkable 
trigonometrical series,” by G. H. Harpy and J. E. Litrie- 
woop; “Newton’s method in general analysis,” by A. A. 
BENNETT. 


Tue Hamburg mathematical society recently decided not 
to celebrate its two hundred and twenty-fifth anniversary, on 
account of the war. The society had in 1915 a membership 
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of 121, including 21 foreign and 9 honorary members. Of 
these 49 were serving in the army. 


At Queen’s University, Kingston, Ontario, Dr. DANIEL 
Bucuanan has been promoted from an associate professorship 
of mathematics to the professorship of astronomy and mathe- 
matics. 


At Washington University, Dr. W. H. RorEver has been 
promoted to an associate professorship of mathematics, and 
Dr. G. O. James to an associate professorship of astronomy 
and mechanics. 


AT Lafayette College Dr. W. M. Siru has been promoted to 
a full professorship of mathematics. 


At the University of Arizona Professor H. B. Leonanp, of 
the University of Oregon, has been appointed professor of 
mathematics. Assistant professor G. H. Cresse has been 
promoted to an associate professorship of mathematics. 


At the University of Oregon assistant professor R. M. 
WINGER has been promoted to a full professorship of mathe- 
matics. 


Dr. J. K. Lamonp, of Wesleyan University, has been ap- 
pointed professor of mathematics in Pennsylvania College. 


At the University of Pennsylvania Dr. R. L. Moore has 
been promoted to an assistant professorship of mathematics. 


At the University of Illinois Dr. A. R. CaaTHorne has been 
promoted to an assistant professorship of mathematics. 


At Purdue University Drs. W. V. Lovitt and T. E. Mason 
have been promoted to assistant professorships of mathe- 
matics. 


Dr. W. E. Mitne, of Bowdoin College, has been promoted 
to an assistant professorship of mathematics. 


Mr. H. W. Myers has been appointed professor of mathe- 
matics in Huron College. 
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Mr. F. L. Smrru has been appointed instructor in mathe- 
matics at Princeton University. 


THE death is announced of Professor Eva S. Mactort, who 
had held the chair of mathematics in Ohio Northern University 
for the past thirty-two years. 


PROFESSOR CLEVELAND ABBE, of the U. S. Weather Bureau, 
died October 28 at the age of seventy-eight years. Professor 
Abbe was a member of the American Mathematical Society 
from 1892 to 1914. 


Proressor A. G. Situ, head of the department of mathe- 
matics and astronomy in the University of Iowa died Novem- 
ber 5 at the age of forty-eight years. 


Book catalogues:—Galloway and Porter, Cambridge, 
England, catalogue 82, mathematical and physical books, 
about 680 entries.—G. E. Stechert and Company, 151 West 
125th Street, New York, Sets of mathematical periodicals, 
42 entries. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Ancetesco (A.). Sur des polynomes généralisant Ices polynomes de 
Legendre et d’Hermite et sur le caleul approché des intégrales multi- 
ples. (Thése.) Paris, Gauthier-Villars, 1916. 4to. 3+ 141 pp. 

Bauer (E.). Recherche méthodique et propriétés des triangles et 
rectangles en nombres entiers. Paris, Hermann, 1916. 8vo. 7 + 
266 pp. Fr. 8.50 

Cason: (F.). William Oughtred. Chicago, Open Court, 1916. 8vo. 
114 pp. $1.00 

Carstaw (H. §.). Elements of non-euclidean plane geometry and trig- 
onometry. London, Longmans, 1916. 8vo. 12 + 179 pp. 5s. 

Cuemin (O.). See PeTersen (J.). 

Grravup (G.). Sur une classe de groupes discontinus de transformations 
birationnelles quadratiques et sur les fonctions de trois variables 
indépendants restant invariables par ces transformations. (Thése.) 
Paris, Gauthier-Villars, 1916. 4to. 8 + 169 pp. 

Giosa-MIKHAILENKO (B.). Sur quelques nouvelles figures d’équilibre 
d’une masse fluide en rotation. (Thése.) Paris, Gauthier-Villars, 
1916. 4to. 3+ 79 pp. 
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Harpy (G.H.). The integration of functions of a single variable. (Cam- 
bridge Tracts in Mathematics and Mathematical Physics, No. 2.) 
2d edition. 8 + 67 pp. 3s. 


Keyser (C. J.). The human worth of rigorous thinking. Essays and 
addresses. New York, Columbia University Press, 1916. 8vo. 


6 +314 pp. Cloth. $1.75 
Mieui (A.). Storia generale del pensiero scientifico dalle origini a tutto 
il secolo XVIII. Le scuole Ionica, orica ed Eleata (I Pre- 
aristotelici, I). Firenze, Libreria d Voce, 1916. 8vo. 16+ 
504 pp. L. 12.00 


PETERSEN (J.). Méthodes et théories pour la résolution des problémes de 
constructions géométriques, avec application 4 plus de 400 problémes. 
Traduit par O. Chemin. 5e édition. Paris, Gauthier-Villars, 1916. 
8vo. 4-+ 111 pp. Fr. 4.50 


Society catalogue of scientific papers. Fourth series (1884- 
1900). Vol. 15, Fitting-Hyslop. Cambridge, University Press, 1916. 
Demy 4to. Cloth. 50 s. 


Vivantr (G.). Elementi della teoria delle equazioni integrali lineari. 
(Manuali Hoepli.) Milano, Hoepli, 1916. 16 + 398 pp. we) a 
II. ELEMENTARY MATHEMATICS. 


Brestich (E. R.). Second-year mathematics for secondary schools. 
2d edition. Chicago, University of Chicago Press, 1916. 12mo. 


20 + 348 pp. Cloth. $1.00 
Evans (G. W.) and Marsn (J. A.). First year mathematics. New 
York, Merrill, 1916. 235 pp. £0.90 
Hate (A. W.). Problems and exercises in algebra and geometry. Boston, 
Heath, 1916. 8vo. 54pp. Paper. $0.36 
Hoyt (F. 8.) and Peet (H. E.). Everyday arithmetic; two-book course. 
Boston, Houghton-Mifflin, 1916. $0.40 + 0.40 


Marsa (J. A.).. See Evans (G. W.). 
Mituis (J. F.). See Stone (J. C.). 


Mine (R. M.). Mathematical papers for admission into the Royal 
military academy and the Royal military college, February-June, 
1916. “London, Macmillan, 1916. 30 pp. Is. 

Peet (H. E.). See Hoyt (F.S.). 

Remick (B. L.). See Srratron (W. T.). 

Stone (J. C.) and Miuus (J. F.). Solid geometry. Chicago, Sanborn, 
1916. Pp. 8 + 277-450. $0.85 


Srratron (W. T.) and Remick (B. L.). Agricultural arithmetic. New 
York, Macmillan, 1916. 8vo. 10 + 239 pp. $0.50 


Ill. APPLIED MATHEMATICS. 


ANNUAIRE pour I’an 1916 — par le Bureau des Longitudes, contenant 
des notices par G. Bigourdan et E. Picard. Paris, Gauthier- 
Villars, 1916. 6 + 657 pp. + 3 cartes magnétiques. ——— _ 

r. 2: 


| 
| 


156 NEW PUBLICATIONS. [Dec., 1916. ] 


(A.) e Carpani (P.). Trattatto di fisica entale ad uso 
delle universita. Volume 3 (Calore). Milano, F. Vallardi, 1916. 
8vo. 12 + 423 pp. L. 11.00 


Bazarp (—.). Cours de mécanique. Tome 5: Moteurs 4 combustion 
interne. Paris, Geisler, 1916. Svo. 382 pp. Fr. 12.00 


Bere (E. J.). Electrical engineering. Advanced course. New York, 
McGraw-Hill, 1916. 8 + 332 pp. 


Bercet (A.). See Cuappuis (J.). 

BigourpDAN (G.). See ANNUAIRE. 

Byrer.y (W. E.). Introduction to the use of generalized coordinates in 
mechanics and physics. Boston, Ginn, 1916. 118 pp. $1.25 

Carpani (P.). See Batre. (A.). 

Cuappuis (J.) et Bercer (A.). Cours de physique, a l’usage des candidats 
aux écoles du gouvernement, conforme aux derniers programmes. 


2e édition, entiérement refondue par J. Chappuis et M. Lamotte. 
Paris, Gauthier-Villars, 1916. 4+ 702 pp. Relié. Fr. 19.00 


Fiamarp (E.). Etude sur les méthodes nouvelles de la statique des con- 
structions. Paris, Gauthier-Villars, 1914. 6 + 114 pp. Fr. 5.00 


Lamotte (M.). See Cuappuis (J.). 


Lémeray (E. M.). Le principe de relativité. Cours libre professé a la 
faculté des sciences de Marseille pendant le premier trimestre 1915. 
(Bibliothéque des actualités scientifiques.) Paris, Gauthier-Villars, 
1916. 16mo. 4 + 156 pp. Fr. 3.75 


Mavunper (E. W.). The stars as guides for night marching in north ne 
tude 50°. London, C. H. Kelly, 1916. 


Picarp (E.). See ANNUAIRE. 


Rovsaupi (C.). Traité de géométrie descriptive, 4 usage des éléves des 
classes de mathématiques spéciales et des candidats a I’Ecole poly- 
technique. Paris, Masson, 1916. Gr. 8vo. 6+ 552 pp. Fr. 15.00 


Sxinnek (E. B.). Tables reprinted from a mathematical theory of invest- 
ment. Boston, Ginn. 8vo. Pp. 218-242. Cloth. $0.36 


Vece.Luio (A.). Equilibrio cosmico. Parte I: L’equilibrio nel mondo 
fisico. Feltre, tip. P. Castaldi, di O. Boschiero, 1916. 8vo. bee 7 


Wuire (J. D.). Steering by the stars: for night-flying, — oe 
and night boat-work between latitudes 40° N. and 60° London, 
J. D. Potter, 1916. 1s. 


